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Abstract In this paper, we present an extension of the

theoretical–computational methodology based on the per-

turbed matrix method and molecular dynamics simulations

that we introduced in a recent paper (Daidone et al., Chem

Phys Lett 488:213–218, 2010). This methodology models

quantum vibrational states of polyatomic systems (i.e.

beyond the one-dimensional vibrational mode case)

embedded in a complex atomic-molecular environment such

as liquid-state conditions. In the extended model, we now

include the anharmonic correction to the excitation fre-

quency of each mode and the excitonic coupling effects,

providing a detailed description of the theoretical basis and

an explicit scheme to achieve a very efficient implementa-

tion of the method. Application of the proposed procedure to

study the amide I band of the infrared spectra of a b-hairpin

peptide shows that a quantitative and accurate reproduction

of the experimental spectral variations due to folding–

unfolding transition can be achieved.

Keywords Infrared spectroscopy � Protein folding �
Molecular dynamics simulation � Quantum chemistry

1 Introduction

Theoretical modeling of infrared (IR) spectra of poly-

atomic molecules in condensed phase is one of the most

challenging lines of research in theoretical physical

chemistry. Beyond its intrinsically interesting aspects, a

correct modeling of IR spectroscopic signals might be of

great practical importance since such a technique is among

the most utilized to address several relevant problems, in

particular in the biochemical field. For example, by means

of time-resolved [1] and bidimensional [2] IR spectros-

copy, it is possible to characterize ligand migration in

proteins [3, 4] and folding/unfolding kinetics in peptides

[5–11]. The complexity of the spectroscopic signal, as

emerging from the structural fluctuations of the polypep-

tide chain and from its interaction with the solvent, makes

it difficult, though, to properly interpret the spectra in terms

of structural features and transitions of the solvated peptide

or protein. Theoretical–computational methods may thus

provide essential information on the complex absorption–

structure relation, shedding light on the IR spectroscopic

effects of structural transitions, the polypeptide sequence,

and the interaction with the solvent.

The IR spectroscopic behavior of small solvated mole-

cules, such as trans-N-methylacetamide (trans-NMA) [12], a

model system of the peptide group, or a tri-alanine peptide

[13], has been successfully described by means of several

strategies either based on an entirely classical view of the

system, i.e. using the electric dipole auto-correlation func-

tion along classical molecular dynamics (MD) trajectories

[12–16], or based on a fully quantum description of the

chromophore at expenses of the classical sampling [17].

Alternative methods [18–20] combining electronic struc-

ture/molecular dynamics calculations make use of an

empirical relation providing the instantaneous frequency of
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a solute as obtained by fitting ab initio vibrational frequen-

cies of a solute–solvent cluster either to a linear combination

of the electrostatic potentials [19] or to the components of

the electric fields [18, 20] acting on the solute atoms.

For the study of peptides and small proteins, and more in

general molecules in solution, other methods have appeared

in the literature [15, 21–31]. Many of these [15, 22, 23,

27–37] employ quantum mechanical (QM) calculations to

determine the vibrational frequencies and eigenstates for

single amides which are then transferred to the full peptides

and/or proteins and coupled empirically (see below). With

an alternative approach [24–26], Hessian calculations on

the entire isolated peptide/protein in a given configuration

can be used to reconstruct the local, single-residue, vibra-

tional frequencies via the Hessian matrix reconstruction

method [26]. In these approaches, coupling effects are

included by adding a simplified electrostatic interaction,

typically based on dipole–dipole interactions and com-

monly termed transition dipole coupling—TDC (coupling

through space) and an empirical term providing the fre-

quency variations due to first-neighbors relative rotations

(coupling through chemical bonds). The solvatochromic

effect, when included, is modeled via an empirical term

relating the single-residue frequency to the perturbing

electric potential exerted by the solvent, as obtained by

calculations on solute/solvent clusters and MD simulation.

A number of these studies [15, 22–24, 27, 29, 31, 38, 39]

have suggested that the amide I absorption patterns of

folded structural elements, such as the b-sheet, can be

explained by the symmetry of the given structure and point

to a crucial role played by excitonic coupling of the amide I

oscillators. On the contrary, the physical origin of the

spectroscopic behaviors of unfolded states is much less

understood, although the differences in the amide I bands

of folded and unfolded states have become a crucial

spectral feature to follow protein- and peptide-folding

kinetics in time-resolved and temperature-dependent IR

spectroscopies [6, 7, 9–11].

In this context, we have lately presented a theoretical–

computational approach to calculate IR spectra in con-

densed phase [21, 40, 41] based on MD simulations and on

the perturbed matrix method [42–45] (PMM), whose phi-

losophy is to keep the configurational complexity of the

system with a proper treatment of the quantum degrees of

freedom of the chemical system treated at quantum

mechanical level, the quantum center (QC). Within this

basic approximation, this method was successfully applied

to reproduce the IR spectrum of carbon monoxide in

aqueous solution [40] and within myoglobin [46], as well

as, more recently, to describe the IR signal of two different

b-hairpin peptides [41].

The main aim of our methodology is to provide a gen-

eral, rigorous procedure, based on physical derivations

without involving phenomenological parameters, able to

reproduce the essential physics underlying IR excitations

of complex molecular systems, also in the case of a chro-

mophore exhibiting a high structural flexibility (e.g. pep-

tides’ and proteins’ unfolded states). In the PMM

procedure, the coupling between the quantum states of the

QC and its atomic-molecular environment, providing the

inhomogeneous broadening and hence essential to repro-

duce the spectral signal, is modeled by considering the

quantum center as embedded into the perturbing electric

field exerted by the QC environment. Therefore, the effects

of the perturbing field on the QC quantum states (corre-

sponding to the QC–environment coupling) can be

obtained via first principles derivations providing at each

MD frame the corresponding perturbed vibrational states

and frequencies. The explicit modeling of the perturbation

operator via the perturbing electric field has been also

exploited by Mukamel and coworkers, who have proposed

in the last years a method for the calculation of IR spectra

[47, 48] bearing similarities with our PMM/MD approach.

In their method, the effect of the perturbing electric field is

introduced as a perturbation of the QC vibrational energy

surface neglecting any perturbation of the electronic

(ground) state, thus essentially corresponding to a first-

order perturbation theory approach. In our PMM/MD

procedure, we explicitly model, by means of the perturbing

electric field and high level electronic structure calcula-

tions, the electronic Hamiltonian operator providing the

QC perturbed electronic states and energies and hence

allowing the direct calculation of the perturbed vibrational

energy along the mode coordinates considered.

In the present study, we extend this approach by

including the anharmonic effects of each vibrational mode

and the excitonic coupling, both disregarded in previous

papers. In the Sect. 2, along with the new extension, we

thoroughly describe the essential features of the general

theoretical approach previously reported [40], specifically

deepening some key basic points involved in modeling

vibrational quantum states of rotating systems and treating

a polyatomic QC, i.e. the multidimensional vibrational

modes case, introducing in the model a correction for

(moderate) anharmonic vibrational behavior and the exci-

tonic coupling. Finally, in the Sect. 4, we apply the PMM/

MD-based procedure to reproduce the IR amide I band of

trans-NMA and of the b-hairpin peptide previously studied

with the simpler procedure [21, 41], comparing our results

with the experimental spectra.

2 Theory

The theoretical framework described in the Sect. 2 repre-

sents an extension of the model presented in previous
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papers [40, 41] concerning the use of perturbed Born–

Oppenheimer (BO) surfaces, corresponding to different

electronic eigenstates, to obtain an accurate description of

molecular vibrational states via PMM calculations. In the

first and second subsections, the harmonic model and its

anharmonic extension are presented. Finally, in the last

subsections, we illustrate how to construct in practice the

theoretical model for the perturbed vibrational states, via

an efficient implementation based on a simple approxi-

mation, and provide an explicit model to treat excitonic

coupling. In Appendix 1, we provide a schematic

description of the computational methodology employed,

summarizing all the relevant steps in the procedure.

2.1 The harmonic model

Let us consider a system defined by a semiclassical

atomic-molecular environment, e.g. the solvent molecules,

surrounding a rigid molecule or chemical group (the pre-

viously defined QC) with semiclassical rototranslational

degrees of freedom, i.e. the Cartesian internal coordinates

are quantum vibrational degrees of freedom and the mass

tensor is a block diagonal matrix with the internal coordi-

nates block decoupled from the rototranslational one

[49, 50]. Within such a definition of the QC and its per-

turbing semiclassical environment, we may obtain the QC

(harmonic) vibrational states associated with the perturbed

electronic ground state via [40]

Ĥv/v ffi Uv/v ð1Þ

Ĥv ¼ K̂b þ DbT
eA

2
Db ð2Þ

K̂b ¼ p̂T
b

eDb;b

2
p̂b ð3Þ

where b are the Cartesian internal coordinates, Ĥv is the

vibrational Hamiltonian operator defined by the kinetic

energy K̂b and potential energy DbT ~A
2
Db operators, p̂b are

the b conjugated momenta operators, eDb;b is the inverse

mass tensor (diagonal) block corresponding to the internal

coordinates (i.e. the inverse of the internal coordinates

mass tensor block) and eA is the Hessian matrix in b for the

electronic ground-state energy as obtained in the electronic

energy minimum at b ¼ b0 for a given environment and

QC rototranslational configuration. Note that our definition

of the conjugated momenta operators, as described in

details in our previous paper [40], is fully consistent with

the classical mechanical conjugated momenta definition

but it does not necessarily ensure reality of the operators

[51], i.e. Hermiticity of the corresponding matrix. For such

a reason the p̂ operators as defined here, although widely

used, are not always considered as the ‘‘true’’ conjugated

momenta operators. For sake of simplicity in this paper, as

in our previous paper, we refer to p̂ as the conjugated

momenta operators, hence focusing on the correspondence

and reproduction of the classical mechanical definition and

relations. Finally, /v is the vibrational wave function, Uv

the corresponding (vibrational) energy and Db ¼ b� b0.

It is convenient to express the Hamiltonian operator Ĥv

via the mass-weighted coordinates (n ¼
ffiffiffiffiffiffiffiffiffi

eD�1
b;b

q

b) and

corresponding conjugated momenta (pn ¼
ffiffiffiffiffiffiffiffiffi

eDb;b

q

pb)

Ĥv ¼
p̂T

n p̂n

2
þ DnT

ffiffiffiffiffiffiffiffiffi

eDb;b

q ~A

2

ffiffiffiffiffiffiffiffiffi

eDb;b

q

Dn ð4Þ

which may be simplified by using the orthogonal

transformation (in mass-weighted space) n; pn ! q; pq

diagonalizing the mass-weighted Hessian

ffiffiffiffiffiffiffiffiffi

eDb;b

q

~A
ffiffiffiffiffiffiffiffiffi

eDb;b

q

Ĥv ¼
X

j

Ĥv;j ð5Þ

Ĥv;j ¼
1

2
ðp̂T

q Þjp̂qj
þ Dqjx

2
j Dqj

h i

ð6Þ

where j runs over the internal coordinates’ modes defined by

the mass-weighted Hessian eigenvectors, x2
j are the corre-

sponding eigenvalues providing the modes frequencies and

from the definition of the conjugated momenta operators [40]

(see Appendix 2)

p̂qj
¼ �i�h

o

oqj
ð7Þ

ðp̂T
q Þj ¼ �i�h

X

j0

oðorn;j0=oqjÞ
orn;j0

þ p̂qj
ð8Þ

with j0 running over all the nuclear Cartesian coordinates rn

of the QC, as expressed in the laboratory fixed frame. From

the last equations, we readily obtain that the QC vibrational

wave function may be considered as the product of the

modes wave functions, i.e. /vðqÞ ¼ Pj/v;jðqjÞ where, for

each jth mode, we may obtain the vibrational states/wave

functions and relative energies via

Ĥv;j/v;j;m ¼ �
�h2

2

X

j0

oðorn;j0=oqjÞ
orn;j0

 !

o/v;j;m

oqj
� �h2

2

o2/v;j;m

oqj
2

þ
x2

j

2
Dq2

j /v;j;m ffi Uv;j;m/v;j;m ð9Þ

with m expressing the vibrational state of the jth mode.

It is worth to note that being the q coordinates a linear

transformation of the QC internal Cartesian coordinates,

the nuclear Cartesian coordinates in the laboratory fixed

frame rn are linearly dependent on q and hence ðorn;j0=oqjÞ
is a function only of the Eulerian angles describing the

rotational position of the QC frame with respect to the

Theor Chem Acc (2011) 129:31–43 33

123



laboratory fixed frame [49, 50] (rn are also linearly

dependent on the center of mass position providing the QC

translational coordinates). Therefore, for a rotationally

constrained QC, we have
oðorn;j0=oqjÞ

orn;j0
¼ 0 and hence in such a

case Eq. 9 would reduce to the usual equation for the

vibrational states of a harmonic coordinate (note that for

the isolated QC, the vibrational modes and frequencies as

obtained by the internal Cartesian coordinates mass-

weighted Hessian coincide with those obtained by the

whole rn mass-weighted Hessian as it follows from the fact

that the former is the non-singular minor of the latter).

Equation 9 clearly shows that even for a rigid QC,

where from a classical point of view rototranslational and

internal motions are fully decoupled, different vibrational

eigenstates are in principle obtained for rotationally con-

strained and unconstrained QCs. Such a remarkable result,

illustrating a peculiar quantum mechanical coupling

between rotations and internal vibrations, is typically

neglected when dealing with a rigid QC with classical

rotational motions (the case considered in this paper) as for

such a condition uncoupled rotational and internal motions

are to be expected. Note that in the limit of a huge spatial

distribution of QC atomic masses, ensuring purely classical

rotations, we always have
oðorn;j0=oqjÞ

orn;j0
ffi 0 as it follows from

the fact that in such a case the variation of a single atomic

coordinate would virtually leave unaltered the Eulerian

angles. In practice, a combination of partly constrained

rotations (as provided by high-energy interactions in con-

densed phase) and a reasonably extended atomic mass

spatial distribution makes it possible to use of the simple

harmonic coordinate equation

Ĥv;j/v;j;m ffi �
�h2

2

o2/v;j;m

oqj
2
þ

x2
j

2
Dq2

j /v;j;m

ffi Uv;j;m/v;j;m

ð10Þ

providing the (standard) vibrational eigenstates of the jth

mode. Whether such an approximation is always accurate

and which limitations are to be considered, although rep-

resenting an interesting theoretical problem, is beyond the

scope of the present work, and hence, it will not be

addressed in this paper.

2.2 The anharmonic correction

In the previous subsection, we have assumed that the

(ground-state) electronic energy surface in the internal

nuclear degrees of freedom may be well described by a

quadratic function of such coordinates. This approxima-

tion, typically rather accurate when we deal, as in the

present paper, with the first vibrational excited states only,

may however be improved by considering the weak

anharmonic perturbation affecting the first vibrational

excitations.

Many theoretical–computational procedures have been

proposed in the last years for properly addressing anhar-

monicity [52–59]. In the present case, we assume that such

anharmonic effects are so weak that we may still use the

Hessian eigenvectors to decompose the vibrational Ham-

iltonian operator, hence providing a set of independent

Hamiltonian equations for each mode (similarly to Eq. 10)

with however the potential energy operator given by a

function beyond the quadratic form. Such an approxima-

tion, disregarding the anharmonic effects due to modes

coupling, allows a simple and efficient implementation,

and it is likely to provide a relevant part of the anharmonic

correction to be used for the first vibrational excitations.

More complex corrections [60], although possible, require

the use of computationally demanding perturbative

approaches, necessarily leading to inefficient implementa-

tions to treat liquid-state systems.

A simple, physically reasonable potential energy func-

tion beyond the quadratic approximation, providing an

analytical solution to the jth mode Hamiltonian equation, is

the Morse potential [61]

UM;jðqÞ ¼ V0;j þ dj 1� e
�xjðqj�q0;jÞ

ffiffiffiffi

2dj
p

� �2

ð11Þ

then leading to

Ĥv;j/v;j;mffi�
�h2

2

o2/v;j;m

oqj
2
þUM;jðqÞ/v;j;mffiUv;j;m/v;j;m ð12Þ

with q0,j and V0,j the minimum energy position and

corresponding energy, respectively, dj a parameter

defining the energy variation in the q!1 limit and,

clearly, xj the harmonic pulsation (i.e. the harmonic

frequency multiplied by 2 p) as obtained by the mass-

weighted Hessian eigenvalue. Solution of the last equation

provides [61]

Uv;j;mþ1 � Uv;j;m ¼ �hxj �
�h2x2

j

4dj
1þ 2 mþ 1

2

� �� �

¼ �hxj �
�h2c2

j

18x4
j

1þ 2 mþ 1

2

� �� �

ð13Þ

where cj is the third-order derivative of UM;j as obtained at

the minimum position q0,j. It is worth to note that in usual

conditions (weak anharmonic perturbation), the vibrational

wave functions for the ground and first excited states, as

provided by Eq. 12, are virtually indistinguishable from the

corresponding harmonic solutions and, hence, except for

the energy for which the anharmonic correction given in

Eq. 13 is necessary, all the other properties may be typi-

cally well approximated by the corresponding harmonic
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ones (i.e., they can be obtained by using the harmonic wave

functions).

2.3 The invariant mode approximation

From the results of the previous subsections, it is clear that

we have to evaluate, via PMM, the QC perturbed mass-

weighted Hessian at each QC–environment configuration to

obtain the proper modes and frequencies by the Hessian

diagonalization and the corresponding anharmonic correc-

tion. In practice, such a procedure, although in principle

possible, is highly computationally expensive when a

polyatomic QC in liquid-state conditions is considered and

hence a simplification is necessary in order to keep a proper

statistical sampling (i.e. calculations over a huge phase

space sampling) ensuring meaningful vibrational properties.

A reasonable and typically accurate approximation can

be achieved assuming that for the modes of interest, the

perturbation may provide QC modes coupling effects only

within a limited dimensional subspace, hence requiring the

calculation of the perturbed Hessian only for the corre-

sponding low dimensional subspace. In particular, when it

is reasonable to assume, as in the present paper, that such a

subspace reduces to a single quantum vibrational degree of

freedom, i.e. the environment perturbation does not sig-

nificantly alter the vibrational modes (the mass-weighted

Hessian eigenvectors) but only induces relevant variations

of the corresponding frequencies, we obtain the most effi-

cient simplification. It must be remarked that such an

approximation is valid as far as the concerned vibrational

modes can be considered as ‘‘local’’ uncoupled modes

essentially independent of the other vibrational modes, i.e.

they can be properly defined by the Hessian of the isolated

QC. For such type of vibrational modes, once the unper-

turbed mass-weighted Hessian eigenvectors are defined by

a preliminary calculation, we may obtain the x2
j value and

the anharmonic correction (see Eq. 13) at each QC–envi-

ronment configuration via a polynomial fit to the perturbed

electronic ground-state energy along the corresponding jth

mode (unperturbed eigenvector), with the same procedure

used for a simple bi-atomic molecule [40]. Therefore, a

straightforward PMM application along each vibrational

mode of interest, providing the corresponding perturbed

electronic ground-state energy curve, ensures a computa-

tionally efficient evaluation of the (quantum) vibrational

behavior of a polyatomic system.

In practice, once defined with V and E the perturbing

electric potential and field exerted by a classical molecular

environment on the quantum center (typically obtained

by the environment atomic charge distribution) and with

eH0 and eH the unperturbed and perturbed (electronic)

Hamiltonian matrices of the QC, we can obtain the

perturbed electronic eigenstates and eigenenergies of the

quantum center diagonalizing the perturbed Hamiltonian

matrix given by [40, 42, 44, 45]

eH ffi eH0 þ eIqTV þ eZ1 þ DVeI ð14Þ
eZ1

� �

k;k0
¼ �E � hU0

k jl̂jU0
k0 i ð15Þ

where qT is the total charge of the QC, l̂ and U0
k are the

dipole operator and unperturbed electronic eigenfunction

of the QC, DV approximates all the higher-order terms as a

simple short range potential and the angled brackets mean

integration over the electronic coordinates (eI is the identity

matrix). Note that eH can be evaluated for each QC and

environment configuration, and hence its eigenvectors

and eigenvalues describe all the possible electronic states

and energies along the chosen vibrational mode within a

given statistical ensemble as provided by the MD simula-

tion. The perturbed electronic ground-state energy, (i.e. the

ground-state eigenvalue of the matrix eH ), along the mode

coordinate can then provide the perturbed frequency at

each time frame [41] via estimating the second and third

order energy derivatives at the minimum position (i.e. x2
j

and cj, respectively) which are used to obtain the harmonic

frequency (xj/2p) and the anharmonic correction (see

Eq. 13). In case of a single vibrational center or a multi-

chromophore system where we may disregard excitonic

coupling, the obtained perturbed frequencies and vibra-

tional states may be used to obtain the IR spectrum which

then may be considered as given by the superposition of the

excitations of localized perturbed vibrational modes.

The IR spectral signal of a chromophore mode, for unitary

radiation energy density per unit frequency, can be obtained

via the corresponding absorption coefficient for the 0! 1

vibrational transition (higher excitations may be considered

as essentially forbidden), which can be expressed by

e0;1ðmÞ ¼
jl0;1j

2qðmÞhm

6�0c�h2
ð16Þ

where q(m) is the probability density in the excitation

frequency space m, e0 is the vacuum dielectric constant, c is

the (vacuum) light speed and, making use of the linear

approximation for the (perturbed) electronic ground-state

dipole le
0ðqÞ ffi le

0ðq0Þ þ g0ðq� q0Þ, the (perturbed)

transition dipole l0;1 may be expressed by

l0;1 ¼ h/v;0jle
0ðqÞj/v;1i ffi g0h/v;0jq� q0j/v;1i

ffi g0
0

ffiffiffiffiffiffiffiffiffi

�h2

2�hx

s

ð17Þ

with g0
0 the unperturbed (gas phase) electronic ground-state

dipole derivative in the mode coordinate q, which for most

of the molecular systems of interest is virtually identical to
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the perturbed value, i.e. g0
0 ffi g0, thus allowing a consid-

erable reduction of the computational costs. It must be

remarked that in the last equation we made use of

h/v;0jq� q0j/v;1i ffi
ffiffiffiffiffiffi

�h2

2�hx

q

due to approximating the solu-

tions of Eq. 12 with the corresponding harmonic wave

functions (given by Eq. 10) for the calculation of all the

vibrational properties except, of course, the energy given

by Eq. 13. As mentioned in the previous subsection, such

an approximation, we will use throughout this paper, is

accurate when we consider weakly anharmonic effects as

typically occurs for the vibrational ground and first excited

states. Finally, the IR signal of a molecule involving sev-

eral vibrational centers can be obtained by summing the

absorption coefficients of all the chromophores modes of

interest, hence reconstructing the complete spectral signal

[41]. It is worth to note that in these last equations, besides

neglecting of the possible excitonic coupling treated in the

following subsection, we actually disregard higher order

effects such as the homogeneous broadening (arising from

the finite lifetime of the excited state), the Doppler effect

and motional narrowing. However, such further spectral

terms, although may be in principle treated explicitly,

provide only slight effects which are typically below the

computational resolution achieved (0.5–1 cm-1) and hence

are omitted in our calculations.

2.4 The excitonic coupling

When modes coupling effects due to interacting vibrational

centers (chromophores) cannot be neglected, excitonic

effects ought to be considered. Following the procedure

described in details in a recent paper addressing the exci-

tonic coupling of electronic states [43], here we extend the

method to model the excitonic coupling of vibro-electronic

(vibronic) states. The basis set obtained via the solution of

Eq. 12 for the modes of each vibrational center of interest

may be used to construct the complete excitonic Hamil-

tonian matrix of the interacting chromophores. Diagonal-

ization of this matrix provides the (delocalized) vibrational

states of the excitonic system, hence including in the model

higher-order anharmonic effects.

The reference basis set to be used in constructing the

excitonic vibronic Hamiltonian matrix is here defined by

considering a single excited chromophore in each reference

excited state (single-photon excitations). This provides at a

given classical configuration, for the reference (excited)

state characterized by the kth chromophore with the nth

mode of the pth electronic state in the mth vibrational state,

the wave function Wref
k;n;p;m ¼ vn;m

k;p Pl 6¼kvl;0 where the lth

chromophore (perturbed) vibronic ground state vl,0 and the

kth chromophore (perturbed) vibronic excited state vn;m
k;p

(with pþ m� 1) are given by

vl;0 ¼ Ul;0Pj/v;l;j;0;0 ð18Þ

vn;m
k;p ¼ Uk;p/v;k;n;p;mPj 6¼n/v;k;j;p;0 ð19Þ

In the last equations, l runs over the chromophores, j runs

over the modes, Ul;0;Uk;p are the (perturbed) electronic

ground and pth state of the lth and kth chromophore,

respectively, as obtained by PMM electronic-state calcu-

lations, /v,l,j,0,0 is the (perturbed) jth mode vibrational

ground state of the lth chromophore electronic ground

state and /v,k,n,p,m is the (perturbed) nth mode vibrational

mth state of the kth chromophore electronic pth state,

both obtained by solving Eq. 12. Finally, within the

same notation, the reference ground state is then given

by Wref
0 ¼ Plvl;0, where within the approximations used,

Wref
0 ¼ W0 (i.e. the vibronic ground state is identical to the

reference vibronic ground state).

We can obtain the excitonic states and excitation ener-

gies by diagonalization of the excitonic Hamiltonian matrix

(i.e. the Hamiltonian matrix for the interacting chro-

mophores) given by [43]

eH ¼ eIUvb;0 þ D eH ð20Þ

with Uvb;0 the (vibronic) ground-state energy of the

interacting chromophores and D eH the excitation matrix

whose non-zero elements (in atomic units) are

D eH
� �

Wref
k;n;p;m

;Wref
k;n;p;m

¼ Un;m
vb;k;p � Uvb;k;0 ð21Þ

D eH
� �

Wref
k;n;p;m

;Wref

k0 ;n0 ;p0 ;m0
¼
hvn;m

k;p jl̂kjvk;0i � hvk0;0jl̂k0 jv
n0;m0

k0;p0 i
R3

k;k0

� 3
hvk0;0jl̂k0 jv

n0;m0

k0;p0 i � Rk;k0 hvn;m
k;p jl̂kjvk;0i � Rk;k0

R5
k;k0

ð22Þ

where k 6¼ k0;Rk;k0 is the k0 to k chromophore displacement

vector defined by the corresponding chromophores’ origins

(typically the centers of mass), l̂l is the lth chromophore

dipole operator, Un;m
vb;k;p is the (perturbed) vibronic energy of

the kth chromophore in the pth electronic state with the nth

mode in the mth vibrational state and Uvb;k;0 the (perturbed)

vibronic ground-state energy of the kth chromophore, both

obtained by PMM calculations. Following our previous

paper [43], we may also obtain the transition dipole for the

excitation to the ith excitonic state (l0;i with i� 1) via

l0;i ¼
X

k;n;p;m

ci;k;n;p;mhvk;0jl̂kjv
n;m
k;p i ð23Þ

ci;k;n;p;m ¼ hWijWref
k;n;p;mi ð24Þ

with, clearly, ci,k,n,p,m the Wref
k;n;p;m component of the ith

excitonic state, i.e. the ith eigenvector of D eH (note that

ci,k,n,0,0 = 0 for any excitonic state with i� 1).
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When we deal with the excitonic coupling of vibrational

states only (as in the present applications), the previous

equations are simplified by considering that for each

chromophore only the first vibrational excitation of the

electronic ground state must be involved, as higher vibra-

tional excitations are forbidden and the coupling with

excited electronic states may be neglected. Therefore, by

using the derivations and approximations described in the

previous subsections, we have that the only non-zero ele-

ments of the relevant diagonal block of the excitation

matrix are

D eH
� �

Wref
k;n;0;1

;Wref
k;n;0;1

¼ Un;1
vb;k;0 � Uvb;k;0 ¼ hmk ð25Þ

D eH
� �

Wref
k;n;0;1

;Wref

k0 ;n0 ;0;1
ffi

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�h2

2�hxk;n

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�h2

2�hxk0;n0

s

g0
k;n;0 � g0

k0;n0;0

R3
k;k0

� 3

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�h2

2�hxk;n

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�h2

2�hxk0;n0

s

g0
k0;n0;0 � Rk;k0g

0
k;n;0 � Rk;k0

R5
k;k0

ð26Þ

and the transition dipole for the 0! i excitonic transition

is

l0;i ffi
X

k;n

ci;k;n;0;1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

�h2

2�hxk;n

s

g0
k;n;0 ð27Þ

Note that in the last equations mk is the kth chromophore

vibrational excitation frequency and in the summation of

Eq. 27, we removed the electronic and vibrational state

indexes p and m (see E. 23) as in the reference basis set we

now involve the vibronic ground state and first vibrational

excitations only. Finally, we may reconstruct the spectral

signal of the excitonic system by summing the absorbance

due to each 0! i transition, providing

eðmÞ ¼
X

i

jl0;ij
2qiðmÞhm

6�0c�h2
ð28Þ

with qi the probability density in frequency space for the

ith excitation.

3 Computation details

3.1 Trans-NMA

Quantum chemical calculations were carried out on the

isolated trans-NMA molecule at the time-dependent den-

sity functional theory (TD-DFT) level with the 6-31?G(d)

basis set. This level of theory was selected because it

represents a good compromise between computational

costs and accuracy. The mass-weighted Hessian matrix was

calculated on the optimized geometry at the B3LYP/6-

31?G(d) level of theory and subsequently diagonalized to

obtain the unperturbed eigenvectors and related eigen-

values. The eigenvector corresponding in vacuo to the

amide I mode was then used to generate a grid of points

(i.e. configurations) as follows: a step of 0.05 a.u. was

adopted, and the number of points was set to span an

energy range of 20 kJ/mol (in the present case 31 points).

For each point, six unperturbed electronic states were then

evaluated at the same level of theory providing the basis set

for PMM electronic calculations, i.e. the U0 eigenfunc-

tions. All the unperturbed QM calculations were performed

using the Gaussian03 package [62].

A 20-ns-long atomistic MD simulation of trans-NMA in

aqueous solution was performed in explicit solvent by using

the program GROMACS [63] and the GROMOS96 force

field [64]. For the trans-NMA, the DFT-based optimization

described above was used and the atomic charges were

calculated using standard fitting procedures [65] on the

optimized geometry at the B3LYP/6-31?G(d) level of

theory. The solvent used was D2O, to reproduce the exper-

imental conditions, and was modeled using the deuterated

SPC water model [66] at a density of 55.32 mol/l. Both bond

lengths and the overall rototranslational degrees of freedom

were constrained [49, 67]. Periodic boundary conditions

were used, and the long-range electrostatic interactions were

treated with the particle mesh Ewald method [68]. Coordi-

nates were saved every ps. Simulations were performed in

the NVT ensemble with the isokinetic temperature coupling

[69] to keep the temperature constant at 300 K.

3.2 GS10 peptide

The Gramicidin S analog GS10 is a b-hairpin peptide

whose primary structure is: cyclo[(Val-Lys-Leu-Tyr-

Pro)2]. Two 300-ns-long atomistic MD simulation of

GS10 at different temperatures (280 K, 360 K) were per-

formed in explicit solvent. The initial structures, repre-

senting the folded state, were taken from a simulation of

10 ns that was started from a structure generated on the

basis of the experimental chemical structure [70].

The solvent used was D2O, to reproduce the experi-

mental conditions, and was modeled using the deuterated

SPC water model [71]. Both starting configurations were

placed in a cubic water box large enough to contain the

peptide and at least 1.0 nm of solvent on all sides at a water

density of 55.32 mol/l. Two negative ðCl�Þ counterions

were added by replacing the corresponding number of

water molecules so as to achieve a neutral simulation box.

The MD simulation protocol was the same as described for

trans-NMA.

The simulations at 280 K and 360 K were used to obtain

the spectroscopic signal to be compared to the experi-

mental data available in literature.
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4 Results and discussion

4.1 Infrared spectrum in the amide I region of aqueous

trans-NMA

The amide I band of the aqueous (D2O solution) trans-

NMA, computed with the PMM/MD procedure described

here, but without the anharmonic correction, was presented

in a previous paper, showing a good agreement with the

experimental data [41]. The computed frequency downshift,

with respect to the frequency of the isolated trans-NMA

[72] (unperturbed frequency), resulted to be 56 cm�1,

reproducing most of the experimentally observed negative

frequency shift &80–85 cm-1 and in excellent agreement

with the theoretical–computational estimate of 57–59 cm-1

provided in a previous paper utilizing a method developed

in the group of S. Mukamel [48]. Further, the spectrum

shape and width were very well reproduced by PMM/MD

calculations (fwhm = 30 cm�1 in both experiments and

simulation). It is worth noting that the underestimation of

the PMM/MD shift with respect to the experimental one is

due to a combination of higher-order effects possibly

including the slight inaccuracies of the calculated dipoles

involved in the definition of the ~Z1 matrix (see the Theory

section) and the disregard of any (solute–solvent) excitonic

coupling and/or intra-QC modes coupling.

Here, the amide I band is recalculated including the

anharmonic correction described in the Sect. 2. In Fig. 1

are shown the vibrational spectra obtained with or without

including the anharmonic correction (panel A) and the

distribution of the anharmonic correction values, as

obtained along the MD trajectory (panel B). The results

clearly indicate that the anharmonic effect essentially

provides a 16 cm�1 frequency downshift of the whole

computed spectrum. The anharmonic correction results to

be virtually independent of the perturbation field, being

essentially determined by the unperturbed condition (i.e. it

is given by the intrinsic anharmonicity of the unperturbed

energy curve). Interestingly, the anharmonic correction

calculated here is comparable to the anharmonic correction

estimated for the isolated trans-NMA obtained with a more

sophisticated approach involving intramolecular modes

coupling effects [60], and exactly reproduces the experi-

mental estimate reported in a previous paper [48].

4.2 Infrared spectra in the amide I region

of the GS10 peptide

The amide I band at 360 K and the unfolded–folded dif-

ference spectrum of the GS10 peptide in D2O solution,

computed with the PMM/MD procedure described here,

but without the anharmonic correction and the contribution

of the excitonic coupling, were presented in a previous

paper, showing a good agreement with the experimental

data [21]. In particular, the PMM/MD calculations well

reproduced the characteristic negative–positive feature of

the unfolded–folded difference spectrum.

Here, the spectra are recalculated with the full procedure

described in the Sect. 2, and additional data at 280 K are

also presented. Similar to the case of trans-NMA (see

previous subsection), also for the amide I mode of the

GS10 peptide, the anharmonic correction is virtually

independent of the perturbation field, being essentially

given by the intrinsic anharmonicity of the unperturbed

energy curve and resulting in a 16 cm�1 frequency down-

shift of the whole computed spectrum (data not shown).

The effect of the excitonic coupling on the amide I peak is

mainly in the band shape and results in the appearance of a

shoulder on the left of the main peak and in an upshift of

Fig. 1 a Computed infrared spectrum in the amide I region of trans-

NMA in D2O solution without (dashed line) and with (solid line) the

anharmonic correction. The vertical lines indicate the unperturbed

amide I frequency at the harmonic approximation (dashed line) and

with the anharmonic correction (solid line). The absorbance is

expressed in arbitrary units. b Distribution of the anharmonic

corrections
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�15 cm-1in the position of the peak maximum (see Fig. 2

in which the data at 280 K are reported). The shoulder,

although less evident, is also present in the experimental

spectrum.

In order to compare our computational results with the

available experimental data [9], we present in Fig. 3 the

computational and experimental spectra of the GS10 amide

I band as obtained at 280 K and 360 K (the experimental

data were obtained at 275 K and 358 K) together with the

corresponding difference spectra. According to the analysis

of the simulation data, at 280 K, GS10 can be considered as

fully restricted to its folded state, while at 360 K, only the

unfolded state is populated, thus confirming the assumption

used in the experimental work [9]. From this figure, it is

evident that the calculated spectra (with and without the

use of the excitonic coupling) reproduce quite well the

frequency range and the width of the experimental spectra,

with a limited overestimation 10–30 cm-1 of the position

of the peak maximum. From panels A, B, and C of the

same figure, it is also evident that the computed spectra

properly reproduce the blue shift due to the temperature

increase. Moreover, the inclusion of the excitonic coupling

(panels B and E) not only reproduces the loss of Gaussian

shape and the appearance of a typical shoulder in the low

frequency tail, as discussed for Fig. 2, but also provides a

better quantitative reproduction of the relative position of

the difference spectra peaks. In fact, the inclusion of the

excitonic coupling provides a shift of 19 cm�1 versus the

experimental 24 cm�1, while the shift without the inclusion

of the excitonic coupling resulted to be 33 cm�1.

It is also worth to note that the calculation including the

excitonic coupling seems to better reproduce the intensity

and asymmetry of the difference spectra signal as a result

of the previously mentioned non-Gaussian shape of the

spectra. However, the computed difference spectra (panels

D and E) fail to reproduce the experimental splitting of the

positive peak (panel F). The reason of this discrepancy is

currently under investigation.

5 Conclusions

In this paper, we present an extension of a previously

reported PMM/MD-based procedure to model IR spectra of

polyatomic chemical systems in condensed phase. The

present methodology, which includes in the model the

anharmonic correction and excitonic coupling, provides a

physically coherent theoretical–computational method to

model IR spectra of polyatomic systems embedded into a

complex atomic-molecular environment.

The use of the PMM framework to reconstruct the

quantum vibrational states allows the direct modeling of

the excitation process, explicitly treating the perturbation

effect due to the fluctuating environment without involving

any empirical term and/or adjustable parameter. Applica-

tion of the method to reproduce the complex folding–

unfolding IR signal variations of the amide I band of a

b-hairpin peptide shows the quantitative accuracy of the

approach employed and its potential to model IR signals of

macromolecules in solution, both in their folded and in

unfolded state.

The main feature of the method is that the IR behavior

can be accurately reproduced also for very heterogeneous

states, such as peptide and protein unfolded states, whose

IR spectrum is commonly difficult to be computed due to

their conformational high flexibility. Interestingly, the

inclusion of the excitonic coupling although providing

limited effects on the spectral signal seems to be important

to properly reproduce some spectral details.

Finally, it is worth to note that the present implemen-

tation of the method, based on assuming weak anharmo-

nicity and no relevant modes coupling beyond excitonic

interactions for the ground and first excited vibrational

states, might be inefficient to treat systems where pertur-

bation effects result in a significant intramolecular or even

intermolecular mixing of vibrational modes. For such

conditions (e.g. the stretching modes of liquid water), our

PMM/MD approach might be still usable although

Fig. 2 Computed equilibrium IR spectrum in the amide I region of

GS10 with the inclusion of the excitonic coupling (dashed line) and

without it (solid line). The spectra are calculated from the 300-ns-long

simulation at 280 K described in the Sect. 3. The frequency is given

as the frequency shift with respect to the frequency of the peak of

trans-NMA in D2O solution. The absorbance is expressed in arbitrary

units
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requiring a more complex and computationally inefficient

implementation as briefly mentioned in the Sect. 2. How-

ever, the test cases presented in this paper clearly show

that, even when chromophore–solvent and chromophore–

chromophore hydrogen-bonding interactions are present, if

the solvent and chromophore modes are characterized by

not overlapping frequencies, the invariant mode approxi-

mation combined with the excitonic coupling furnishes a

rather accurate model providing the essential quantitative

features of the spectral signal.
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Appendix 1

In this appendix, we schematize the computational proce-

dure employed to obtain the amide I vibrational spectrum

of a solvated peptide and/or protein. Note that the method

may be straightforwardly generalized for any vibrational

mode (e.g. the amide II mode).

1. In the first steps, the model describing each unper-

turbed oscillator (i.e. each peptide group along the

peptide/protein backbone) is constructed (trans-

NMA is used as the model system of the peptide

group):

• Calculation of the mass-weighted Hessian for the

unperturbed (isolated) trans-NMA;

• Selection of the eigenvector associated with the

amide I mode providing the selected mode

coordinate;

Fig. 3 Computed IR spectra in the amide I region of GS10 without

the inclusion of the excitonic coupling (a) and with the inclusion of

the excitonic coupling (b) as obtained from the MD simulations at

280 K (solid line) and at 360 K (dashed line). The two temperatures

virtually correspond respectively to the folded and unfolded states. c
Experimental spectra at 275 K (solid line) and 358 K (dashed line).

Computed difference spectra generated by subtracting the spectrum at

280 K from the spectrum at 360 K without (d) and with (e) the

inclusion of the excitonic coupling. f Experimental difference spectra

generated by subtracting the spectrum at 275 K from the spectrum at

358 K. To provide an easier comparison of the computed and

experimental spectra, the intensities of the lower temperature spectra

have been all normalized to 1. This makes the intensities of the

difference spectra directly comparable. The frequency is given as the

frequency shift with respect to the frequency of the peak of trans-

NMA in D2O solution (1; 682 cm�1 from our calculations and

1; 622 cm�1 from experimental data)
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• Generation of a number of configurations of the

isolated trans-NMA along the selected mode

coordinate;

• Quantum chemical calculations in order to obtain

for each of the above-mentioned configurations a

selected number of unperturbed electronic states,

and the corresponding eigenvalues and dipole

operator elements, which provide the basis to

construct the electronic Hamiltonian matrix (see

Eqs. 14 and 15). Note that for this purpose, a

computational method able to provide a set of

orthonormal unperturbed electronic states is nec-

essary (e.g. state averaged complete active space,

linear response theory-based calculations, etc.).

2. In the next steps, the perturbed electronic ground-state

energy along the selected mode coordinate is calcu-

lated for each peptide group of the solvated peptide/

protein at each MD frame of an extended MD

simulation of the peptide/protein embedded into the

solvent molecules as follows:

• Construction of the perturbed electronic Hamilto-

nian matrix (see Eqs. 14 and 15) after having fitted

trans-NMA (i.e. each electric dipole moment of

trans-NMA) on the given peptide group. Note that

the perturbing field (Eqs. 14 and 15) is exerted by

the solvent molecules, the rest of the peptide/

protein molecular framework and the side chain of

the selected residue;

• Evaluation of the ground-state perturbed electronic

energy by diagonalization of the perturbed elec-

tronic Hamiltonian;

• Repeating of the two previous steps for each

configuration along the mode coordinate (i.e. using

the unperturbed energies and electric dipoles of

each configuration) to evaluate the perturbed elec-

tronic energies along the selected mode coordinate;

• Numerical fit of the perturbed energy curve

obtained in the previous step providing the per-

turbed harmonic frequencies and anharmonic cor-

rections (Eq. 12 and 13).

3. The perturbed frequencies for each oscillator along the

peptide/protein system at each MD frame are finally

used to include the excitonic effects as follows:

• Construction and diagonalization of the excitonic

matrix (see Eqs. 20–27) providing the set of

eigenvalues and eigenvectors to be used to calcu-

late the transition dipoles for each excitonic

excitation (Eq. 27). Note that the elements of such

a matrix are obtained by using only the perturbed

electronic ground states of each peptide group;

• Calculation of the vibrational spectrum of the

whole peptide/protein embedded into the solvent

via the application of Eq. 28 over the whole MD

trajectory.

Appendix 2

Defining with rn and pn the Cartesian nuclear coordinates

and conjugated momenta, we can express the nuclear

kinetic energy operator as

K̂ ¼ p̂T
n

~M�1
rn

2
p̂n ð29Þ

p̂j ¼ �i�h
o

orn;j
ð30Þ

where ~M�1
rn

is the inverse of the usual diagonal mass tensor.

From the definition of the conjugated momenta operators,

we can easily obtain the momenta operator transformation

(p̂n ! p̂n) associated with the coordinates transformation

(rn ! gn)

p̂n;j0 ¼ �i�h
X

j

orn;j

ogn;j0

 !

o

orn;j
ð31Þ

or in vector notation

p̂n ¼ ~TT p̂n ð32Þ

Tj;j0 ¼
orn;j

ogn;j0

 !

ð33Þ

Hence, the kinetic energy operator becomes

K̂ ¼ p̂T
n

~M�1
gn

2
p̂n ð34Þ

~M�1
gn
¼ ~T�1 ~M�1

rn
~T�1
� �T ð35Þ

which is completely equivalent to the classical expression,

although it is to be considered that dealing with operators

(i.e. p̂jTj;j0 6¼ Tj;j0 p̂j) we have

ðp̂T
n Þj ¼ ðp̂nÞj ¼ �i�h

o

orn;j
ð36Þ

ðp̂T
n Þj0 ¼

X

j

p̂jTj;j0 ¼ �i�h
X

j

oTj;j0

orn;j
� i�h

o

ogn;j0
ð37Þ

ðp̂nÞj0 ¼
X

j

Tj;j0 p̂j ¼ �i�h
o

ogn;j0
ð38Þ

For a rigid QC with quantum internal Cartesian coordinates

(b) and classical rototranslational ones (n0), we may write

[40, 49, 50]
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~M�1
gn
¼

~Dn;n ~Dn;b
~Db;n ~Db;b

� �

ffi
~Dn;n

~0
~0 ~Db;b

� �

ð39Þ

providing

K̂ ffi K̂n þ K̂b ð40Þ

2K̂n ¼ p̂T
n

~Dn;np̂n ð41Þ

2K̂b ¼ p̂T
b

~Db;bp̂b ð42Þ

where both ~Dn;n and ~Db;b can be considered as independent

of the internal Cartesian coordinates, i.e. the b coordinates

are ‘‘classically’’ virtually fixed at b ¼ b0.

Finally, it is worth to note that in our approach, we

distinguish between classical and quantum nuclear degrees

of freedom approximating the Hamiltonian eigenstates, for

a single QC, as the product of an electronic eigenfunction

Uðx; n0; bÞ with two nuclear wave functions, /vðbÞ and

/n;pn
ðn0Þ describing the quantum vibrational and classical

nuclear degrees of freedom, respectively. In the previous

wave functions x are the (Cartesian) electronic coordinates,

n0; b the nuclear classical and quantum coordinates

respectively and /n;pn
is fully confined within a phase

space differential volume and so it acts transforming the

classical nuclear coordinates and conjugated momenta

operators into the phase space values n; pn, i.e. it is a wave

packet in n; pn space. Therefore, for any observable

expressed by the operator Ô and introducing the Jacobean

Jðn0; bÞ for the rn ! n0; b transformation, we have

\/v;i;i0/n;pUijÔjUl/nn
/v;l;l0[

¼
Z

/�v;i;i0 ðbÞ/
�
n;pn
ðn0ÞU�i ðx;n0;bÞÔUlðx;n0;bÞ

/v;l;l0 ðbÞ/n;pn
ðn0ÞJðn0;bÞdn0dbdx

¼
Z

/�v;i;i0 ðbÞU�i ðx;n;bÞÔUlðx;n;bÞ/v;l;l0 ðbÞJðn;bÞdbdx

ffi Jðn;b0Þ
Z

/�v;i;i0 ðbÞU�i ðx;n;bÞ
�ÔUlðx;n;bÞ/v;l;l0 ðbÞdbdx

ð43Þ

where the double index of /v provides the electronic and

vibrational states defining the vibrational wave function

and typically Jðn; b0Þ is omitted [40] including
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

Jðn; b0Þ
p

in /v, i.e. the vibrational eigenstates are renormalized.
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